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The M N DO approximation was tested for applicability in quantum-chemical calculations 
of anisotropic hyperfine coupling tensors using the same set of 17 free radicals as that used 
previously in evaluating a new procedure for quantum-chemical estimates of constants of 
isotropic hyperfine coupling with protons in the framework of the same approach. 
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Solid-state ESR spectra of  free radicals contain a 
greater body of  information oJa their electronic and 
molecular structure as compared to liquid-phase ESR 
spectra. For instance, they make it possible to determine 
the relative signs and magnitudes of  magnetic resonance 
parameters as well as the directions of  the vectors of  
interaction between the magnetic moments of  the un- 
paired electron and nuclei, t -6  The most reliable are the 
results obtained in studies of  single crystals, since in 
these cases different orientations of  the same free radi- 
cals are related by symmetry operations. Unfortunately, 
in some instances attempts to grow single crystals lhil. In 
addition, many objects (e.g., polymers) cannot be ob- 
tained as single crystals. 

The observed ESR spectra of  radicals with random 
orientations in polycrystalline matrices often can hardly 
be interpretedfi Liquid-phase ESR spectra become sig- 
nificantly simplified because of  effective averaging of  
anisotropic interactions; however, this leads to the loss 
of  a considerable body of  unique information necessary 
for solving structural-chemical problems. 

Quantum-chemical  calculations of  anisotropic hy- 
perfine coupling (AHFC) tensors 4,6 can to a great extent 
facilitate the analysis and interpretation of  the solid- 
state ESR spectra of  free radicals complicated by aniso- 
tropy. Moreover, such calculations make it possible to 
relate experimental data to peculiarities of  electronic 
structure of  the objects under study. However, the prob- 
lem of  quantitative description o f  the AHFC constants is 
more complex and labor-consuming. For this reason, 
only a few studies concerning consistent calculations of  
the A H F C  constants have been reported, in contrast to a 
wealth of  theoretical data on the isotropic hyperfine 
coupling (IH FC) constants. 

Currently, systematic quantum-chemical calculations 
of  the AHFC tensors for several simple free radicals 
have been performed (see Ref. 6) in the framework of  
either essentially simplified semiempirical C N D O  and 
INDO approximations or a specially adapted ab initio 
computational scheme using a carefully chosen basis set 
o f  Gaussian functions (9s, 5p), 7 which makes it possible 
to calculate the spin density on a nucleus with a reason- 
able accuracy. However, even in the case of  not too 
complex radical systems such an approach becomes 
inapplicable because of  computational problems. At the 
same time, widely used simplified ab initio methods s (of  
the U HF/6-31G type) cannot satisfactorily describe all 
interactions between the magnetic moments of  an un- 
paired electron and nuclei (because of  inadequacy of  the 
basis set), since often the spin properties are determined 
by a very fine equilibrium between various structural and 
electronic effects. Therefore it is not surprising that the 
magnetic resonance parameters of  free radicals (espe- 
cially, the IHFC constants) obtained from ab initio 
calculations are strongly dependent both on peculiarities 
of  the radical geometry and on the choice of  the basis 
set functions used for calculating the Coulomb and 
exchange potentials, to say nothing of  the convergence 
of  the results upon extending the basis set. Unfortu- 
nately, the computational cost of  improved ab initio 
calculations which go beyond the Hartree--Fock ap- 
proximation is too high for such calculations to be used 
in systematic studies of  complex paramagnetic systems. 

In this connection other quantum-chemical approaches 
for assessing the ESR spectral parameters of  free radicals 
deserve particular attention. Recently, interest in non- 
empirical calculations of IHFC and AHFC parameters 
was rekindled in connection with the development of  an 
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alternative line of  quantum-chemical investigations, based 
on density functional theory (DFIO. Test calculations 
(mostly, of the IHFC constants in organic ,-t-electron 
radicals) using different DFT versions were performed 3 in 
very large basis sets, which undoubtedly are too la~e to 
be used for routine calculations. For this reason, simpli- 
fied basis sets based on the above-mentioned (9s, 5p) 
basis set 7 were constructed to be acceptable lbr calculat- 
ing complex paramagnetic systems from the computa- 
tional point of view. The results of  test DFT calculations 3 
showed that, using a special hybrid B3LYP functional in 
combination with a relatively small and carefully chosen 
basis set, it is possible to provide quantitative prediction 
of  IHFC constants in not too complex organic free 
radicals. However, it should be noted that the compo- 
nents of the AHFC tensors were calculated only occa- 
sionally because the corresponding computational proce- 
dure is more labor-consuming. 

It is obvious that the use of  relatively simple but 
more rigorous approximations of  the NDDO type 6 makes 
the semiempirical approach much easier to improve. 
For instance, it was shown 9,10 that MNDO calculations 
reproduce the constants of  IHFC with protons aHiso and 
some other magnetic nuclei (A) in free radicals fairly 
well. Therefore it is reasonable to expect that the com- 
ponents of  the AHFC tensor (Tqq.A; q, q" = x, y, Z), 
which depend on the spin density p(r) in the same way 
as artiso, also will be satisfactorily reproduced using the 
M N D O  approximation. 

Computational procedure 

The AHFC tensor describes the dipole-dipole inter- 
action between the magnetic moments of  electrons and 
nuclei. The energy of this interaction depends on the 
mutual orientation of  the electron (S) and nuclear ( I )  
spins. For free radicals, the Hamiltonian of the interac- 
tion has the form 6 

Aqq' 

The constants Tqq .A (parameters of  the spin Hamil- 
tonian) are expressed using fundamental physical con- 
stants and the spin density: 

where ge is the g-factor of  free electron, 13 e is the Bohr 
magneton, "/A is the gyromagnetic ratio for nucleus A, 
h = h/(2~), h is the Planck constant, and ~qqA are the 
components o f  the operator of  dipole-dipole interaction 
between the electron and the magnetic nucleus A. In the 
MO LCAO approximation, the spin density is repre- 
sented using the spin population matrix (p~) and corre- 
sponding atomic orbitals (%,(r), ~,,(r)): 

p(r) = ~, p ~ ( r ) ~ ( r ) .  (3) 
t t , v  

From formulas (2) and (3) it follows that calcula- 
tions of the AHFC constants require knowledge of  the 
spin populations Puv and the dipole-dipole interaction 
integrals: 

/ IAA 

Atomic integrals calculated using the Hartree--Fock 
wave functions have been tabulated. 1.2,5'6 Usually, these 
integrals are used to assess the spin populations of 
valence p-AOs from experimental data on anisotropic 
hyperfine splitting in ESR spectra. Unlike atomic inte- 
grals, two-center dipole integrals are less sensitive to the 
AO type. A procedure is recommended for calculating 
such integrals with real Slater-type functions with arbi- 
trary effective exponents simulating s- and p-AOs. 6 The 
integrals are represented analytically via auxiliary func- 
tions widely used in quantum-chemical calculations. 

The obtained AHFC tensor can always be diagonal- 
ized by passing to the system of its principal axes. As a 
rule, the AHFC tensor is diagonal in the system of its 
principal local symmetry axes, which is a consequence 
of  directionality of  chemical bonds. It should be noted 
that the AHFC tensor defined using formula (2) has a 
zero spur. 

Thus, to perform a theoretical interpretation of  ex- 
perimental values of magnetic resonance parameters of  a 
free radical (in particular, components of  the AHFC 
tensor), one should carry out standard quantum-chemi- 
cal calculations of the system and find the spin density 
distribution according to formula (3) and unknown mag- 
netic interaction integrals defined by expression (4). To 
this end, the above-mentioned general algorithm of 
calculations of the AHFC constants was implemented 
using the widely accepted semiempirical M N D O  ap- 
proximation, tl In this case no essential corrections were 
introduced into the specially developed computational 
procedure evaluated earlier, t2 

Results and Discussion 

Using the computational procedure outlined above, 
we calculated the principal values of  the AHFC tensors 
for the representative set of  17 well-studied simplest free 
radicals (Table 1). Recently, l~ this set of  radicals was 
_used as the test set in evaluating a new procedure for 
quantum-chemical estimates of  constants of  IHFC with 
protons in the framework of  the semiempirical M N D O  
approach. 

According to calculations, 6.9,1~ the constants of I H FC 
with magnetic nuclei in free radicals, obtained from the 
MNDO calculations, are in fairly good agreement with 
experimental data if the assumed structural parameters 
of  radicals are close to real ones, Analogous agreement 
between theoretical and experimental values should also 
be expected when performing quantum-chemical analy- 
sis of anisotropic characteristics of  radicals. Unfortu- 
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nately, the M N D O / U H F  optimization of geometric 
parameters of paramagnetic systems often leads to un- 
satisfactory results. 9.1~ Because of this, it is appropriate 
to assess the components of the AHFC tensors in the 
MNDO approximation using the "reliable" radical ge- 
ometry determined either experimentally or by more 
precise computational methods, as in the case of IHFC 
constants. 

The geometric parameters of the free radicals consti- 
tuting the test set are shown in Table I. The experimen- 
tal values and the values found from ab initio calcula- 
tions with the 6-31G** basis set (if no experimental 
geometries were available) were taken as "reliable" (type 
of geometry 1). Listed also are the structural parameters 
obtained from M N D O / U H F  optimization (type of ge- 
ometry II). As can be seen from the data listed in Table 
I, for many radicals the differences between the "reli- 
able" bond lengths and bond angles and those calculated 
in the MNDO approximation do not exceed 0.05 fi and 
5 ~ respectively. Nevertheless, even so small differences 
can strongly affect quantum-chemical  estimates of mag- 

netic resonance parameters. 6 At the same time, for 
radicals 8--10, 13, and 17 the differences between the 
two types of geometric parameters (l and II, see Table 
l) are larger, which can lead not only to quantitatively, 
but also to qualitatively incorrect predictions of the 
principal values of the AHFC tensors. 

Using the two above-mentioned types of geometry, 
we performed MNDO calculations of the AHFC con- 
stants for each of the 17 test free radicals. For all of 
them, Table 2 lists the principal values of the AHFC 
tensors, obtained in the framework of the M N D O / R H F  
approach for the "reliable" geometry and by the 
M N D O / U H F  method for both geometry types (I and 
[I, see Table I). As can be seen, for most of the radicals 
the AH FC constants calculated using the geometry types 
! and II are very close (for 2 and 6 they coincide). As 
should be expected, particularly large absolute devia- 
tions (from -4 to ~14 Oe) are observed for radicals 8, 9, 
and 13 because the largest differences in the geometric 
parameters are obtained (see Table 1). However, the 
same reason is also responsible for much smaller abso- 

Table I. Bond lengths (d) and bond angles (09 in free radicals with different types of geometry (I or II) 

Radical Symmetry Bond d/k  Angle o/deg 
! II I II 

CH2-" (1) C2v C--H 

CH 3' (2) D3h C--H 

NH 2" (3) C2~ N--H 

NH3 +" (4) D3h N--H 
CN' (5) c~.v C - N  

N2* (6) D~h N--N 

H20 +' (7) C2,. O--H 
HCO" (8) C s C--H 

C--O 

HO:' (9) c~ O--H 
O--O 

CO2-" (10) C2~ C--O 

NO 2" (11) C2~ N--O 

H B O - "  ( 1 2 )  C s B - - O  
B--H 

C2H 3" (13) C s C--H~ 
C--Hci s 
C -- H,,,,,u 
C--C 

H2CN' (14) C2~ H--C 
C--N 

H2CO +" (15) C:~ H--C 
C--O 

o ~ -  06)  c2v o - o  

H2NO" (17) Cs N--O 
N--H 

.121 

.079 

.024 

.020 

.172 

.116 

0.999 
1.125 
1.175 

0.958 
1.300 

1.250 

1.197 

1.266 
1.272 

1.083 
1.085 
1.083 
1.357 

1.140 
1.250 

1.117 
1.198 

1.280 

I _300 
0.988 

1 . 1 0 7  H--C--H 104.4 107.0 

1 . 0 7 8  H--C--H 120.0 120.0 

1 . 0 0 2  H--N--H 103.0 104.5 

1 . 0 1 0  H--N--H 120.0 120.0 

1.155 

1.094 
0.969 H--O--H 112.6 112.6 

1.074 
1 . 1 8 5  H--C--O 125.0 143.1 

0.976 H--O--O 105.0 112.4 
1.208 
1 . 2 3 5  O--C--O 130.0 137.0 

1 . 1 7 4  O--N--O 134.0 133.1 

1.221 H--B--O 128.2 131.6 
1.231 
1 . 0 4 9  C--C--H a 130.8 171.7 
1 . 0 9 2  C--C--Hcis 122.3 123.1 
1.091 C--C~Htran s t21.4 122.7 
1.308 
1 . 0 9 9  H--C--N 118.5 123.1 
1.266 
1.122 H--C--O 118.5 122.4 
1.228 
1 . 2 2 8  O--O--O 120.0 116.0 

1 . 2 2 5  H--N--O 118.9 117.9 
1.023 

Note. Type 1 denotes "reliable" geometry (geometric parameters of radicals 1, I0, and 12--17 were found from 
ab initio calculations in 6-31G** type basis sets and those of radicals 2--9 and 11 were determined 
experimentally) and type II denotes geometry optimized by the  MNDO/UHF method. 
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lute dev ia t ions  in radicals  10 and  17. By and  large, 
n o t e w o r t h y  is t ha t  some  unce r t a in t i e s  in the  geomet ry  of  
radicals  are less s igni f icant  w h e n  ca lcula t ing  the A H F C  
cons t an t s  c o m p a r e d  to the I H F C  cons tants ,  a,9,10 

Di f fe rences  be tween  the  co r r e spond ing  values ob -  
ta ined  f rom M N D O / U H F  and  M N D O / R H F  ca lcu la -  

t ions  are due to the spin po la r i za t ion  effects. 6 C o m p a r i -  
son o f  the  c o m p o n e n t s  o f  the  A H F C  tensors  ca lcu la ted  
using the two me thods  for  the  "reliable" geome t ry  (see 
Table  2) shows that  for mos t  o f  the  radicals  s tudied  these 
effects are insignif icant .  At the  same t ime,  r a the r  large 
differences  be tween  c o r r e s p o n d i n g  A H F C  pa rame te r s  

Table 2. Principal values of the AHFC tensors (T/Oe) in tree radicals, calculated by the M N D O / R H F  and 
M N D O / U H F  methods for different types of geometry, (I and ll) 

Radical Nucleus M N D O / R H F ,  M N D O / U H F  

I 1 II 

T~I T22 T33 Tl, T22 7"33 Tit /'22 T33 
1 H -14 .3  - 4 . 3  18.6 

C -32 .7  -32.7 65.4 

2 H -15.6  -4 .0  19.6 
C -32.7 -32.7 65.4 

3 H -20 .4  -9 .4  29.8 
N -17.2  -17.2 34.4 

4 H -9 .4  -20.6 30.0 
N -17.2 -17.2 34.4 

5 C -17,3 -17.3 34,6 
N -5 .9  -5 .9  11.8 

6 N - 7 . 2  - 7 . 2  14.4 

7 H -23.6  -14.3 37.9 
O 51.8 51.8 -103.6 

8 H - 6 . 7  -3 .1  9.8 
C -12.3  -12.6 24.9 
O 14.7 13.3 -28.0 

9 H - 7 . 4  -7 .2  14.6 
O 16.1 13.0 -29.1 
Or* 37.2 36.0 -73.2 

10 C -8 .4  -13.6 22.0 
O 13.7 12.6 -26.3  

11 N -2 .3  -4 .6  6.9 
O 18.3 17.3 -35.6 

12 H -3 ,4  -3 .8  7.2 
13 - 2 . 7  - 4 . 0  6.7 
O 11.4 11.6 -23.0  

13 H a -13.6  -3 .7  17.3 
Hci s -2 .4  -2.1 4.5 
Htra, s -2 .6  -2 ,  I 4.7 
C a -29 .2  -28.9 58. I 
CI~ - t . 5  -1,1 2.6 

14 H - 2 . 8  - I . 8  4.6 
C -2 .3  -0 .6  2.9 
N -13.3  -13.1 26.4 

15 H -3 .8  -2 .6  6.4 
C -2 .0  0.1 1.9 
O 31.4 31.3 -62.7 

16 Oc** 19.9 18.5 -38.4  
Or* 16.8 14.9 -31.7 

17 H - I 0 . 0  -5 .9  15.9 
N -7 .9  -6 .6  14.5 
O 30.0 28.3 -58.3 

-15.6 -6 .4  22.0 -16 .0  -6 .3  22.3 
-34.4  -29.0  63.4 -34 .4  -29.1 63.5 

-17.5 -7 .9  25.4 -17.5  -7 .9  25.4 
-30.2 -30.2 60.4 -30.2  -30 .2  60.4 

-22.4 -12.4 34.8 -23.6  -12 .4  36.0 
-17.5 -15.8 33.3 -17.6  -15.8  33.4 

-13.8 -23.2 37.0 -13.9  -23.7  37.6 
-16.3 -16.3 32.6 -16.3  -16.3  32.6 

-13.2 -13.2 26,4 -13.7 -13 .7  27.4 
-7 .4  -7 .4  14.8 -7.1 -7 .1  14.2 

-7 .7  -7 .7  15.4 -7 .7  -7 ,7  15.4 

-25.7 -17.0  42.7 -27.7 -17 .7  45.4 
52.3 48.7 -101.0 52.5 48.7 -101.2 

-6 .3  -3 .0  9.3 -9 .3  -4 .5  13.8 
-10.7 -15.2 25.9 -14 .4  -17 .7  32.1 

17.4 12.6 -30.0  18.4 11.9 -30.3  

-5 .9  -5 .5  11.4 -7 .8  -7.1 14.9 
10.1 8.0 -18.1 14.4 11.7 -26.1 
43.7 40.7 -84.4  38.7 37.3 -76 .0  

- I 1 . i  -12.2 23.3 -11.7  -13 .2  24.9 
15.3 14.1 -29.4  14.4 13.4 -27.8  

-3 .7  -4 .2  7.9 -3 .5  -4 .2  7,7 
22.3 t8.8 -41.1 21.7 18.7 -40 .4  

-2 .5  -3 .4  5.9 -3 .0  -4 .0  7.0 
-0 .5  -7.1 7.6 -0 .6  -6 .8  7.4 
12.7 13.3 -26.0 12.0 13.0 -25.0  

-15.2 -15.0 30.2 -18 .2  -12.2  30.4 
-13.3 1.3 12.0 -11.0  1.0 I0.0 
-12.8 1.6 11.2 -10.9  1.1 9.8 
-41.8 9.1 32.7 -42.7  -3 .8  46.5 
-34.6  13.1 21.5 -25.4  8.8 16.6 

-7 .3  0.6 6.7 -7 .5  0.9 6.6 
-12.0 0.3 11.7 -13.8  1.1 12.7 
-18 .9  -7 .7  26.6 -19 .5  -7 .0  26.5 

- 4 . 6 -  -0 .5  5.1 -4 .3  0.0 4.3 
3.8 -1 .7  5.5 -4 .0  -1 .9  5.9 

43.4 32.7 -76.1 44.7 33. I -77 .8  

23.4 20.7 -44.1 23.4 20.6 -44 .0  
15.1 14.0 -29.1 15.3 13.8 -29.1 

-9 ,2  -6 .7  15.9 -7 .8  -5 .0  12.8 
-6 .0  -5.1 11.1 -5 .0  -3 .9  8.9 

�9 33.8 33.7 -67.5 32.4 32.2 -64 .6  

Note. For notations "I" and "I1," see 
* Terminal atom. 
** Central atom. 

note  tO Table 1. 



2220 Russ.Chem.BulL, Vol. 48, No. 12. December, 1999 Chuvylkin and Tokmachev 

Table 3. Principal values of the AHFC tensors (T/Oe) in free radicals, 6 obtained experimentally and from 
INDO and ab initio calculations 

Radical Nucleus Experiment Calculations 

T,i T22 T33 INDO Ab initio 

4 H -2.1 -19.6 21.7 -7.5 -22.0 29.5 -- -- - 
5 C -16.0 -16.0 32.0 -12.9 -12.9 25.8 -8.6 -8.6 17.2 

N -5.5 -5.5 11.0 -5.0 -5.0 10.0 -4.8 -4.8 9.6 

8 H -6 .1  - 2 . 9  9.0 - 6 .  I - 2 . 5  8.6 - 6 . 4  - 4 . 8  11.2 
C -8.6 - t7 .3  25.9 -10.8 -6.1 16.9 -10.8 -22.2 33.0 

10 C -11.7 -16.7 28.4 -11.8 -4.0 15.8 -10.4 -7.6 18.0 
O 10.1 8.9 - t9 .0  10.0 9.4 -19.4 --  -- -- 

11 N -5.4 -7.8 13.2 -5.0 -2.9 7.9 -5.0 -3.8 8.8 
O 21.1 16.9 -38.0 13.0 11.5 -24.5 14.8 13.5 -28.3 

12 H -4.0 -4.0 8.0 -6.6 -5.0 11.6 -4.7 -1.7 6.4 
B -6.0 -6.0 12.0 -7.8 -5.8 13.6 -8.4 -10.9 19.3 

14 N -12.5 -12.5 25.0 -12.5 -14.3 26.8 -12.5 -17.7 30.2 

for radical 13 should be pointed out. It is noteworthy 
that the spin polarization effects also were of  particular 
importance in performing quantum-chemical  estimates 
of the IHFC constants for the vinyl or-radical, l~ 

The experimental ly found principal  values of  the 
tensors of  A H F C  with several nuclei for a number  of  
radicals const i tut ing the test set, as well as correspond-  
ing values calculated ei ther in the I N D O  approxima-  
tion or  in the framework of  the above-ment ioned  ab 
initio 6 approach,  are listed in Table 3. Comparison of  
the data listed in Tables 2 and 3 shows that the experi-  
mental T22 H componen t  for the NH3 +" (4) radical is 
fairly well reproduced in the M N D O  approximat ion,  
whereas the IT~,HI and ]T33H[ values are overest imated 
by 10--15 Oe. The fact that the CN" radical (5) has a 
cyl indrical  symmetry  is reflected in the magnitudes o f  
all principal  Ttl and T n values for both tensors of  
A H F C  with the 13C and 14N nuclei; the values ob-  
tained from M N D O / R H F  calculat ions (see Table 2) 
and experimental  ones (see Table 3) are part icularly 
close. For  the HCO" radical (8), all A H F C  constants  
assessed by the M N D O / U H F  method are in good 
agreement  with experimental  values; however, this is 
observed only for the "reliable" (type 1) rather than for 
opt imized  (type. 1 I) geometry .  

From comparison of  the data listed in Tables 2 and 3 
it can be seen that the principal values of the tensors of  
A H F C  with the 13C nuclei for the G-electron C N ' ,  
H C O ' ,  and CO2-" radicals, calculated in the M N D O  
approximat ion,  are much closer to experimental values 
than corresponding values obtained from ab initio calcu- 
lations. The same is also observed for the 170 nucleus in 
the NO 2" a- radica l  (11), which is isoelectronic to the 
CO2-" radical. For  the H B O - '  ( 1 2 ) a n d  H2CN" (14) 
radicals, the components  of  the A H F C  tensors, calcu- 
lated in the framework of  both the ab initio and M N D O  

computational  schemes differ from experimental values 
nearly to the same extent. 

When analyzing the differences between theoretical  
and experimental A H F C  parameters it should be kept in 
mind that the matrix stabilizing free radicals is to some 
extent capable of affecting them. Quantum-chemical  
calculations of  magnetic resonance parameters of  free- 
radical systems are usually carried out ignoring this 
effect because its correct considerat ion is very difficult. 
Additionally, in those cases where the electron correla-  
tion effects are particularly strong, drawbacks of  the 
Har t ree- -Fock  approximation can strongly affect the 
results of  calculations. 

By and large, it can be said that the M N D O  and 
INDO approximations are characterized by nearly equal 
efficiency in performing quantum-chemical  estimates of  
the AHFC constants for the chosen test set of  radicals, 
though in some instances (e.g., radicals 8, 10, and 11) the 
simplified semiempirical INDO version is less appropri-  
ate. At the same time, it should be noted that some of  the 
results of  ab initio and semiempirical ( M N D O / U H F )  
calculations of the A H F C  parameters in the radicals 
considered proved to be appreciably different. In these 
cases the components of  the A H F C  tensors, assessed in 
the  f ramework of_ the M N D O  scheme, appeared t o  be 
much closer to experimental values than those calculated 
using the ab initio approach (see Tables 2 and 3). Thus, 
the MNDO computational procedure is appropriate for 
semiquantitative description of  the A H F C  constants in 
free radicals and its success is at  least on a par with the 
INDO and ab initio approximations used previously. 6,12 
In this connection, non-empirical  quantum-chemical  cal- 
culations of  the AHFC tensors of  complex free-radical 
systems using DFT methods seem to be the most promis-  
ing, since recent evaluations 3,13-18 of  these methods 
demonstrate that they are highly efficient. 
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